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We consider the finite field dependent BRST (FFBRST) transformations in the 
context of Hamiltonian formulation using Batalin-Fradkin-Vilkovisky method. The 
non-trivial Jacobian of such transformations is calculated in extended phase space. 
The contribution from Jacobian can be written as exponential of some local func- 
tional of fields which can be added to the effective Hamiltonian of the system. Thus, 
FFBRST in Hamiltonian formulation with extended phase space also connects differ- 
ent effective theories. We establish this result with the help of two explicit examples. 
We also show that the FFBRST transformations is similar to the canonical trans- 
formtaions in the sector of Lagrange multiplier and its corresponding momenta. 
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INTRODUCTION 



4] 



The Hamiltonian formulation developed by Batalin,Fradkin and Vilkovisky (B 



FV) Q- 



provides a powerful method for the Becchi-Rouet-Stora and Tyut 



in (BRST) ^ quan- 



tization of systems with first class and second class constraints |7H13l|. The important 
ingredients of BFV approach are as follows: the BRST transformations generated using 
BFV approach are independent of the gauge conditions, it does not rquire auxiliary field, 
it has an extended phase space where the ghosts and the Lagarange multipliers intro- 
duced act as dynamical variables. The nilpotent BRST charge in the BFV approach is 
directly constructed from the first class constraints which captures the algebraic structure 
of constraints in a gauge independent way whereas in the Lagarangian formulation the 
BRST charge is constructed using Noether's theorem from a gauge fixed Lagarangian. 

BRST symmetry plays an important role in the quantization of gauge theories. BRST 
symmetry has been generalized in many ways such as non-local and non-covariant BRST 
14j . covariant and non-local BRST 



15], non-covariant and local BRST symmetry li| and 
another local, covariant and off-shell nilpotent BRST symmetry 17|, |l8j. They have been 
studied both in Lagrangian and Hamiltonian framework. In all the above generalizations 
of BRST symmetry, the parameter involved is infinitesimal, anticommuting and global. 
Furthermore, Joglekar and Mandal generalized the BRST symmetry transformations by 
taking the parameter to be finite field-dependent instead of infinitesimal but anticommut- 
ing and global [l9(. This generalized BRST, so called the finite field dependent BRST 
(FFBRST) transformations are also the symmetry of the effective action but the path 
integral measure changes in a non-trivial way. It has found many applications 
For example, the gauge field propagators in non-covariant gauges contain singularities on 
the real momentum axis. Proper prescriptions for these singularities in gauge field prop- 
agators has been found by connecting theory in Lorentz gauge to theory in axial gauge 



by using generalized BRST transformations 



20|. It has also been used to regularize the 



divergence in energy integral in Coulomb gauge 21]. 

It has been already shown that finite BRST connects generating functionals corre- 
sponding to solutions of quantum master equations in field/antifield formulation of pure 
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YM theory 



26] . Such generalized BRST symmetry is also the formal symmetry of the gen- 



erating functional in field/antifield formulation of pure YM theory 28|. So far FFBRST 
formulation and all its applications are considered only in the Lagrangian framework. It 
will be interesting to extend FFBRST formulation in the Hamiltonian framework. In 
particular, FFBRST in Hamiltonian formulation will be useful for Sp(2) and Sp(3) BRST 



quantization in extended phase space 



2914351] . In order to do so, the formulation of finite 



BRST in Hamiltonian framework is must. 

In this paper, we extend FFBRST formulation in Hamiltonian framework and show 
that how the non-trivial Jacobian arising in the path integral measure plays the role in the 
extended phase space using BFV formulation. We show that the non-trivial Jacobian of 
the path integral measure can always be expressed as e tSl , where Si is some local function 
of field variables in the extended phase space and can be a part of the effective action. 
Thus, FFBRST can connect the generating functionals of two different effective field 
theories with suitable choice of finite field dependent parameter in the BFV formulation. 
For example, we show that FP effective action in Lorentz gauge with a gauge parameter A 
can be connected to (i) FP effective action in Coulomb gauge , (iv) FP effective action with 
another distinct gauge parameter A' in the BFV Hamiltonian formulation. Exploring the 
advantages of BFV Hamiltonian framework, we also show that the finite field dependent 
BRST transformations is canonical transformation in the case of Coulomb gauge. 

The plan of our paper is as follows. In Sec. II, we discuss the important features of 
BFV formulation. In Sec. Ill, we discuss the FFBRST transformations in the extended 
phase space for a general framework where we calculate the Jacobian change. We have 
considered two examples. In Sec. IV, we show that FFBRST transformtaion is nothing 
but canonical in the case of Coulomb gauge. We conclude in Sec. V . 



II. BFV FORMALISM 

BFV formalism is extremely useful in the quantization of syatems with first class 
constraints. We present here only the essence of this approach and the detailed discussion 



can be found in 



At 



-|4|. The action in finite phase space can be expressed as 

S = J dt(p»q,-H c -\ a n a ), (2.1) 

where {q^^p^} are the canonical variables describing the theory. H c is the canonical Hamil- 
tonian and A a are the Lagrange multiplier associated with first class constraints, Q a . In 
this approach, Lagrange multipliers A a and its corresponding conjugate canonical mo- 
menta p\ are dynamical variables. The canonical momenta to A a i.e. p\ must be imposed 
as new constraints such that the dynamics of the theory does not change. BFV formalism 
extends the phase space by introducing two canonical pairs of ghost ( C a , V a ) and ( C a , V a ) 
for each of the constraints satisfying the following equal-time anticommutation relations 

{C a (x,t),V b (y,t)} = -tf*tf( x -y), 

{C a (x,t),p b (y,t)} = -tf**(x-y). (2.2) 

. In this formalism, the nilpotent generator for the system with first class constraint have 
the general form as 

q = c a n a + l -v a f b a c c b c c + V a p a x , (2.3) 

where the f bc is a structure constant, fl a is the first class constraints. According to 
Fradkin-Vilkovisky [1| theorem, the generating functional in the extended phase space is 
given by 

= Jv<p eMiSeff), (2.4) 

where the effective action, S e ff is 

S eff = J dt (p^q^ + C a V a + p a X a - H 9 ) . (2.5) 
T>Lp is the Liouville measure on the phase space. is the extended hamiltonian given as 

Hv = H e + {Q,*}. (2.6) 
$ is the gauge fixed fermion and does not depend upon the choice of \1/ [6|]. 
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III. FINITE BRST IN BFV FORMULATION 

The BRST transformations are generated from the charge given by Eq. ( 12. 31) using 
5ip = [ip, Q] 5X where 5\ is infintesimal anticommuting BRST parameter under which 
the effective action in Eq. (I2.5P remains invariant. Joglekar and Mandal generalized the 
anticommuting BRST parameter 5X to be finite field-dependent instead of infinitesimal 
but space time independent parameter 0[0]. Under this generalization, the path integral 
measure Dip will give rise to a Jacobian J. The Jacobian for this finite BRST transfor- 
mations for certain 0[0] can be calculated by writing the Jacobian as a succession of 
infinitesimal transformations. We can write 

V(f) = J(n)V(f)'(K) 

= J(K + dK)V(f)'(K + dK) (3.1) 

We have introduced a numerical parameter k : < k < 1. All the fields are taken to 
be the function of k. For a generic field <p(x, k), <p(x, 0) = <ft(x) and <p(x, k = 1) = 0'. Now 
the transformations from <f)(n)to (p(hi + dn) is an infinitesimal one, therefore Jacobian can 
be expressed as 

J(k) 8(f>(x, k + dn) 

J(k + dn) ^ 5(J)(x, k) 

J2(j> is sum over an the fields in extended phase space p^, q^,p\, A, V a , V a , C a , C a (as in Eq. 
( 12. 5ft ) and ± sign for whether is bosonic or fermionic. 

Now we consider the generating functional 

Z= /Xty(x,0) e ^^' 0)] , (3.3) 

where </»(x, 0) generically denotes all the fields in extended phase space at k — 0. This 
generating functional is equal to 



T>(f)(x, k) J(k) e 



iS e ff[4>(x,n)] 
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V(f)(x, k + dn) J{k + ek) e ^//M^+^)] 

1 dJ 



Vcf)(x, k + dn) J(k) 



1 + — -r-ck 
J dn 



iS e f f [<f>(x,K+d,K)] 



(3.4) 



where the invariance of the S e ff under (p(x, 0) — > (p(x,n) is a BRST transformations 
given by 

0(O) = 0(«)-^(«)e[0(«),Ac] (3.5) 
- 4>(k = 0). J(k can be replaced by e* 51 ^)'^ for a certain 



where 0' = 0(k = 1) and (j) = 
functional Si which needs to 
following condition is satisfied 



)e determined in each individual case if and only if the 



19] 



1 dJ ,dS\ 
J dn dn 



J(Si+S, 



eff, 



0. 



(3.6) 



where ^p* is a total derivative of Si with respect to k in which dependence on 0(/c) is also 
differentiated and the Jacobian can be expressed jis e lSl where Si is some local functionals 
of fields and it satisfies the following condition 

1 dJ dSi 



IS | 



J d« ok 



0. 



(3.7) 



An example: YM theory 

We consider pure Yang-Mills theory in this formulation to construct the symmetry 
generator, effective action and finally the generating functional using BFV formulation in 
extended phase space. The kinetic part of the Yang-Mills Lagrangian is given by 

£ = ~\f; v F^\ (3.8) 

where, F£ v = d^A^ — d v A a + igf ahc A h ^A c v . The canonical momenta corresponding to A$ 
and Ai fields are 

Ii a = ^t- = 0, (3.9) 
dA a Q y ' 

dC 

n? = Wa =F «, (3.10) 
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The canonical Hamiltonian density becomes 



(3.11) 



fii = Ilg is the primary constraint of the theory. Using Dirac prescriptions [36[, we can 
find the the secondary constraints from primary constraints Qi as 



n 2 = ti 1 = {H c ,n 1 } = D i ab u^o, 



(3.12) 



where, Df b = did ab + gf abc A1 is the covariant derivative. These two constraints form a set 
of first class constraints as they satisfy a Poisson bracket 



{tt a ,Q b } = 0. 



(3.13) 



Using the BFV formalism, the BRST charge is constructed using Eq. ( 12. 31) for this 
theory as 

Q = C a Dmt + ^V a f b a c C b C c + V a U a . (3.14) 
The effective action in the extended phase space can be expressed as 



d A x 



u ia A a + u 0a A a + Qapa + £ -pa _ ^ _ g| 



(3.15) 



where, 7i c is the canonical Hamiltonian density given by Eq. ( 13. lip . \I/ is the gauge fixed 
fermion which for the Lorentz gauge can be chosen as 



d 3 x 



- dig + CdiA ia + V a A% 



(3.16) 



Putting Eq. (13. 14|) and Eq. (13.161) in Eq. (13.151) . we obtain the effective action as 

- ■-a 1 „ 1 



S, 



eff 



d x 



rrAr + n 0a i a + v a c a + v a c - -rr^n? - -f%f% + A a D i ab u b 

2 4 



A. 



+ Ii a Q diA ia + -Ii a W a + V a V a - diC a D l C a + gf abc V a C b A c 



(3.17) 



The effective action given in Eq. ( 13. 17ft is invariant under the set of following BRST 
transformations with a infinitesimal parameter generated by the BRST charge in Eq. 
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flSHD: 



5 b A = V a SA, 



s b v a 
s b n a 



\j ahc C h C c 6A, 



^ D ab u ia + g fabc v b c c^ g^ 



0, 



5 b Ai = DiC a SA, 
5 b C a = ng 5A, 
5 6 P = 0, 

OT = o, 



(3.18) 



where 5 A is the global, infinitesimal and anticommuting parameter. Similar to the FF- 
BRST formulation in the framework of Lagrangian formulation, we can construct a finite 
version of the BRST transformations in BFV approach as 



SbQ 



5 b V a 



v a e, 



f abc c b c c e, 



[pf rr a + g f abc v b c c ) e, 



o. 



5 b Ai = DiC a e, 

5 b c a = u a e, 

5 b P = 0, 

s b m = o. 



(3.19) 



is the finite-field dependent, global and anticommuting Parameter i.e.(G 2 = 0). The 
transformations given in Eq. (13 . 19[) also leaves the effective action in Eq. (13. 17|) invariant. 
The generating functional in the BFV formalism can be expressed as 



dA a Q dA? tfflg dU* dV a V a dC a dC a exp(iS, 



effh 



£>xexp 



i I d"x \ itm? + n 0a A% + r a c a + v a c - -n?n? - -f*f* + A%D i ab n 



a 1 
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A, 



+ X\ldiA %a + -ngn ua + V a V a - diC a D l C a + gf abc V a C b A c 
where, 

Vcj) = dA a dA? cfflg dW % dV a P a dC a dC a . 



(3.20) 
(3.21) 



V(J) is the path integral measure which is integrated over all the phase space. The finite 
transformation given in Eq. ( 13.191) leaves the effective action in Eq. ( 13.171) invariant but 
the path integral measure in the generating functional Eq. ( I3.20f) is not invariant. It 
gives rise to a Jacobian in the extended phase space and needs to be calculated. 
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The Jacobian using Eq. (13. ip is calculated in the extended phase space as follows 

dAodAiModllidVdPdCdC 
= J(K)dA (K)dAi(K)dno(K)dni(K)dV(K)dP(K)dC(K)dC(K) 

= J(k + dK,)dA (K + dK)dAi(n + dn)dTlo(K + dK)dTli(K + dK)dV(n + dK,)dV(n + dn) 
dC{n + dK)dC{K + (3.22) 

Expanding R.H.S of Eq. (13.21) . we obtain 



5A%(x, K + dn) 5Af(x, K + dn) 5C a (x,K + dK) 5C a {x,n + dK) 



5A%(x, k) 



6A*(x,k) 



SC a (x,n) 



5C a (x,K) 



5V a (x, k + d«) 5V a (x, k + dn) 5Tl%(x, K + dn) 5Ilf(x, k + dn) 



SV a (x,K) SV a (x,n) 5TI%(x,k) 

This equation can be further expanded as 

1 + dn 



8U.f(x,K) 



8A a (x, 



M 



<L4f (x, «) 



5C a (x,/c) 



^r 6c C 6 (x, k)C c (x, «) 
J(«) 



<ye'[0(a;, «)] 
5C a (x, k) 



1 b yJ > 5V a (x,K) 



J(k + dn) ' 

1 dJ(K) 



1 - 



J(k) dn 



dn. 



Case I: 

For a choice of finite BRST parameter G related to 0' as follows 



9' = J d A x [ 7l A C a U a + 72 C a d A a 



the Jacobian change can be calculated from Eq. (I3.24p as follows 



J dn 



d A x 



7i A + 72 U a d A a + 72 C a d V a 



We make an ansatz for S\ as follows 



(3.23) 



(3.24) 



(3.25) 



(3.26) 



s 1= d 4 x ei(«)nr + U^)KdoA + U^C a doV a 



(3.27) 
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where, ^ s are arbitrary constants which depend explicitly on k whereas the fields <p'f have 
implicit k dependence. We calculate 

dSi 



d x 



6(K)ngp e'l . (3.28) 



Using the condition given in Eq. (13. 7p and comparing the coefficients, we obtain the 
following solutions for £' s 

£3 = -72«, 6 = (3.29) 
The generating functional using Eq. (13.61) can be expressed as 

Z = J VftexpiiiSeff + S,)} 

= J £>0'exp i J d 4 x |n ia i^ + (1 - j 2 k) Tl 0a A* + C a V a + (1 - 7 2 k) C a V 



2 4 



it/it/ - + a%d 1 j\\ + n^A ia + - + 7i a« n^n 0a + v a v a 



- diC a D l C a + gf abc V a C b A c Q )] . (3.30) 

At k — 0, the genrating functional will correspond to the usual effective action in Lorentz 
gauge. At k = 1, it will correspond to the effective action in axial gauge with the repa- 
rameterized gauge parameter A' = A (1 + 2 7l ) . Thus we show that with the appropriate 
choice of finite BRST parameter in extended phase space, we can relate the generating 
functionals corresponding to two different effective theories in different gauges. 
Case 2: 

For another choice of finite BRST parameter related to 0' 

® = i 1 j d 4 yC a (y^)U a (y^), (3.31) 

the Jacobian change 

tL = 11 \ d MnSM] 2 . (3-32) 
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We make a simple ansatz 

S x = j d A x [n%(x, k)} 2 , (3.33) 

where is a k dependent arbitrary parameter. Using the condition (\3.7\i and com- 

paring the coefficients, we obtain the value £1 = 7«. So, the generating functional can be 
expressed as 



Z = Jd X ' exp{i(S eff + S 1 )} 



D\ exp i 



U ia A t a + U 0a A a + V a C a + V a C - ~n?n? - -F^F? + A^D^U] 



A 



+ n%diA ia + [ - + J n°n 0a + v a v a - d i c a D i c a + g f abc v a c b A c 



(3.34) 



The generating functional at k = will be the pure YM theory with a gauge parameter 
A and at k — 1, the generating functional will represent pure YM theory with a different 
gauge parameter A' = A + 2j. 

IV. FINITE BRST AND CANONICAL TRANSFORMATIONS 



The generating functional given in the Eq. (I3.20p when integrated over momenta 
Tli,V a ,V can be expressed in a compact form 



Z = J D X exp{i(S + 5 b V L )}, 



where 5*0 is given by 

Sn — d 4 x 



u m Ai a - -mu ia + -f^f* - A^Dfw 1 

2 4 



and is the gauge fixed fermion given by 



d x 



^C a Yi a Q + C a diA ia + V a A% 



(4.1) 



(4.2) 



(4.3) 



5b is the BRST variation given by Eq. f)3.18p . We now make a canonical transformation 
in the sector of Lagrange's multiplier which act as a dynamical variables in the BFV 
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formalism as follows 



TT a — \ TT a — A a 

A a — >> — A a 



(4.4) 



They are canonical as they satisfy the following commutation relation for pure YM theory 
in Lorentz gauge 

A *(x), ng(y)] = z^ 3 (x-y). (4.5) 

Under the above transformations, the Jacobian is unity therefore path integral measure 
does not change. The generating functional becomes 



Z c = J D X exp{i{S + 5 b q c )} 



(4.6) 



and the gauge fixed fermion tp^ changes to m coulomb gauge where 



d x 



2 



(4.7) 



The generating functional in Eq. (I3.34p when integrated over momenta I1q, V a , V a can 
be expressed in a compact form as given in Eq. ( 14. 6p . As shown in the previous section, 
by choosing a appropriate finite BRST parameter given by Eq. (I3.25p . the generating 
functional corresponding to the effective action in Lorentz gauge changes to the Zq 
i.e. the generating functional corresponding to the effective action in Coulomb gauge. 



FFBRST 



z c . 



Thus, we show that the FFBRST transformations are equivalent to the canonical trans- 
fromations in the sector of Lagrange's multiplier and its corresponding momenta. 



V. CONCLUSION 

FFBRST transformations, so far have been studied only in the Lagrangian frame- 
work and not in the Hamiltonian formulation. In this paper, we have considered the 
Hamiltonian formulation of FFBRST transformations using the BFV method. In the 
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BFV Hamiltonian approach, we extend the phase space and the Lagrange multiplier 
and its corresponding momenta are treated as dynamical variables. In the Hamiltonian 
formulation, we choose a BRST parameter in the extended phase space and when 
integrated over all the momenta, it turns out that this finite parameter only changes 
the gauge fixed fermion. The generating functional Z does not depend on the choice of 
gauge fixed fermion. Hence, it plays the same role as in the Lagrangian framework but 
in a more elegant and simple way. We also show that FFBRST transformations play the 
role of canonical transformations for a selective choice of finite BRST parameter. 
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